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Abstract. We study Fourier theory on quantum Euclidean space. A modified version of 
the general definition of the Fourier transform on a quantum space is used and its inverse is 
constructed. The Fourier transforms can be defined by their Bochner's relations and a new 
type of g-Hankel transforms using the first and second <?-Bessel functions. The behavior of 
the Fourier transforms with respect to partial derivatives and multiplication with variables is 
studied. The Fourier transform acts between the two representation spaces for the harmonic 
oscillator on quantum Euclidean space. By using this property it is possible to define 
a Fourier transform on the entire Hilbert space of the harmonic oscillator, which is its own 
inverse and satisfies the Parscval theorem. 
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(N ! 1 Introduction 

> 

. There has been a lot of interest in formulating physics on noncommutative space-times, see 

I/"") \ e.g. [3j [5j HH [15j [231 E2]- In particular, since non-commutativity implies a quantized space- 



time, quantum field theories on such spaces should be well-behaved in the ultraviolet-limit, see 



e.g. [3j. The infinities of the commutative, continuous theories could appear as poles in the 
(/-plane with q a deformation parameter. In such theories quantum groups replace Lie groups 
in the description of the symmetries. An important concept in this theory is integration and 
Fourier theory on quantum spaces, see e.g. [H [231 E21 EH E5J [36] . The Fourier kernel is defined 
in |29|. Definition 4.1]. In this paper we study the Fourier theory on quantum Euclidean space, 
which has symmetry group O q (m). The deformation parameter q is always assumed to satisfy 
< q < 1. The Fourier transform is studied from the point of view of harmonic analysis 
on quantum Euclidean space, see e.g. [HI [151 [201 EU [33]. This is captured in the Howe dual 
pair (Oq(m),Uq(sl2))- The quantum algebra ^(sfe) is generated by the O q (m)-invariant norm 
squared and Laplace operator on quantum Euclidean space. The Fourier transform was defined 
in an abstract Hopf-algebraic setting in [23]. In this article, the Fourier transform on quantum 
Euclidean space is studied analytically. This leads to explicit formulae for the behavior of the 
Fourier transform with respect to partial derivatives. The definition of the Fourier transform 
is also extended from spaces of polynomials weighted with Gaussians to an appropriate Hilbert 
space, which was a problem left open in [23]. 

A general theory of Gaussian-induced integration on quantum spaces was developed in [23]. 
We use this procedure on quantum Euclidean space for the two types of calculus defined in [6]. 
One of the two integrations we obtain corresponds to the result in |14} 134] , Both types of 



*This paper is a contribution to the Special Issue "Relationship of Orthogonal Polynomials and Spe- 
cial Functions with Quantum Groups and Integrable Systems". The full collection is available at 
|http://www.emis.de/journals/SIGMA/OPSF.html| 
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integration can be written as a combination of integration over the quantum sphere, see |34j . 
and radial Jackson integration, see e.g. [17\ Section 1.11]. Each one of the integrations satisfies 
Stokes' theorem for both types of calculus. It turns out that Fourier theory is defined more 
naturally using the Fourier kernel for one calculus combined with the Gaussian-induced inte- 
gration for the other calculus. This implies we use a generalized Gaussian-induced integration 
compared to [23]. This was also done implicitly for the analytical approach to Fourier theory 
on the braided line in [26]. We calculate the quantum sphere integral of spherical harmonics 
weighted with the Fourier kernel, which yields a (/-deformed Bessel function. This function is 
known as the first (/-Bessel function, see [21]. As a side result we obtain a Funk-Hecke theorem 
on quantum Euclidean space. This allows us to construct the reproducing kernel for the spheri- 
cal harmonics. The reproducing kernel can be expressed as a (/-Gegenbauer polynomial in terms 
of the generalized powers of the inner product constructed in [32] . 

Because of the appearance of (/-Bessel functions, the combination of radial integration with 
the spherical integration and the exponential leads to new (/-deformed Hankel transforms. In [27] 
the (/-Hankel transforms corresponding to the so-called third (/-Bessel functions were defined and 
studied. In the current paper the (/-Hankel transforms for the first and second (/-Bessel functions 
are introduced. It is proven that they are each other's inverse by applying the theory of the q- 
Laguerre polynomials, see ]30j. Then the inverse of the Fourier transform on quantum Euclidean 
space is defined by its Bochner's relations in terms of the second (/-Hankel transform. The fact 
that the Fourier transforms can be expressed in terms of Bochner's relations is an immediate 
consequence of their O g (m)-invariance. It is proven that the transforms behave canonically with 
respect to partial derivatives and multiplication with variables. 

Furthermore, we extend the domain of the Fourier transforms from spaces corresponding to 
polynomials weighted with a Gaussian to the Hilbert space structure of [13]. This Hilbert space 
has two representations in function spaces; the Fourier transform and its inverse act between 
these spaces. The first and second (/-Bessel function can be connected by a substitution q -H- q~ l . 
The first (/-Bessel function has a finite domain of analyticity contrary to the second one. This 
implies that the inverse Fourier transform is better suited to generalize to a Hilbert space. By 
composing this Fourier transform with the projection operators corresponding to the two dual 
representations of the Hilbert space, we obtain a Fourier transform which can be defined on the 
entire Hilbert space. This transform is its own inverse and satisfies a Parseval theorem. 

In [10] the theory of the g-Dirac and (/-Laplace operator on undeformed Euclidean space was 
developed. The (/-Laplace operator is 0(m)-invariant and generates U q {s\2) together with the 
classical norm squared. This implies that (/-harmonic analysis on Euclidean space corresponds 
to the Howe dual pair (0(m), Uqisl^)), i.e. there is no spherical deformation and the radial de- 
formation corresponds to that of quantum Euclidean space. Therefore, the (/-Hankel transforms 
in the current paper can also be used to construct an 0(m)-invariant (/-Fourier transform on 
Euclidean space, connected to the g-Dirac operator. 

The paper is organized as follows. First an introduction to (/-calculus, quantum Euclidean 
space and Fourier theory on quantum spaces is given. Then two (/-Hankel transforms are defined. 
By studying their behavior with respect to the (/-Laguerre polynomials it is proven that the two 
transforms act as each other's inverse. Then the integration on quantum Euclidean space is 
studied. The Fourier transform of a spherical harmonic weighted with a radial function can be 
expressed as the first (/-Hankel transform of the radial function. The inverse Fourier transform is 
therefore defined by its Bochner's relations. Next, the behavior of the Fourier transforms with re- 
spect to derivatives and multiplication with variables is studied. The previous results allow a con- 
struction of a Funk-Hecke theorem and reproducing kernels for the spherical harmonics on quan- 
tum Euclidean space. Then the Fourier transforms are connected with the harmonic oscillator 
which makes it possible to extend the Fourier transform to the Hilbert space defined for this har- 
monic oscillator. Finally the (/-Fourier transform on undeformed Euclidean space is considered. 



The Fourier Transform on Quantum Euclidean Space 



3 



2 Preliminaries 
2.1 (/-calculus 

We give a short introduction to g-derivatives, g-integration and g-special functions, see [T71 [221 
[231 126| , The report [25] that will be referred to often is also included in the book [23]. For u 
a number, and q the deformation parameter, < q < 1, we define the g-deformation of u as 

Q U — 1 



It is clear that lim[uL = u. We also define 

q->l 



(u;q) k = (1 -u)(l - qu) ■■■ (l - q k 1 u) and (u; = JJ (l - ug fe ) . 

fc=0 

The g-derivative of a function /(£) is defined by 

fif c/W) - (") 

This operator satisfies the generalized Leibniz rule 

Wi(i)/ 2 (*)) = %(Jl(t))Mt) + fl(qt)d«(Mt)). (2.2) 
The ^-integration on an interval [0, a] with oGlis given by 



/•a 00 
/ f{t)d q t=(l-q)aY J f{q k a)q k . 

JO T~L 



10 k=0 

The infinite g-integral can be defined in several ways, determined by a parameter 7 G M\{0}, 

/ /(*Ht = (l-g)7 E f{9 k, yh k = l™ / WW- (2-3) 

The positive (7 G K + ) or negative (7 G R _ ) infinite integral is a function of 7, however from 
the definition it is clear that J* 7 00 = j* 97 00 . So J 7 00 d g i = holds which means the integral 
is a (/-constant. The integral is the inverse of differentiation, 

[d?f(t)]d q t = f(a)-f(0). (2.4) 

The g-factorial of an integer k is given by [k] g \ = [k] q [k — l] q ■ ■ ■ [l] q and satisfies [k] q \ = 
(g;g)fc/(l — q) k . This can be generalized to the g-Gamma function T q (t) for t > satisfying 
F g (t + 1) = [t]qTq(t), see e.g. [T71 formula (1.10.1)]. The g-exponentials are defined as 

00 j 00 j 

^) =Em and E *® = = E^' (i_1) m- 

i=o i=o m «' 

Note that a different notation for the exponentials is used compared to [10] . The relation 
e q (t)E q (—t) = 1 holds and the derivatives are given by 

3 q t e q {t) = e q (t) and d q t E q {t) = E q {qt). (2.5) 
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For q < 1 the series E q (t) converges absolutely and uniformly everywhere and e q {t) in the area 

\t\ < j^j. The function e q (t) can be analytically continued to C\{y^} as l/(E q (—t)). The 
zeroes of the g-exponential E q are 

E q (-^—]=0 for fee N. (2.6) 



1-q 

This follows from the infinite product representation E q (j^—) = (— t;g)oo> see [T71 formula 
(1.3.16)]. This implies that the relation 



-t 2 \ n*=i . ( -t 2 



d q tf(t)E q2 = ^ d q tf(t)E q2 ^— j (2.7) 

holds. 

The g-Hermite polynomials are given by 
and related to the discrete g-Hermite I polynomials hk(x;q) in [25j Section 3.28] by 

fc/2 



We introduce the g-Laguerre polynomials for a > — 1 in the normalization of \W\ p. 24], 

3 , \i ( 2i+2a+2. 2\ 

£^(.|g- 2 ) = HO / 9 ^Z!l , (2 . 9) 

J rrf .7 - * L2! k La! (1 - g 2 P * 



i=0 



( g 2i+2a+2. g 2\ r 2 

They can also be defined using the g-Gamma function since (i_ q ip-i = r 9 2 (i+«+i) no ^s. 

They are connected with the g-Laguerre polynomials L^ a \u;q) from [251 Section 3.21] by 

(u\q- 2 ) = q -3W+*«) L M ((1 _ tf) u . f) 

and to the g-Laguerre polynomials in [30] by the same formula with a substitution (1 — q 2 )u — > u 
in the right hand side of the formula. 
The substitution q — > g" 1 yields, 

3 I \i („2i+2a+2. n 2\ 

b "VW 1 (1-9 ) J 

These polynomials are related to the little g-Laguerre polynomials (the Wall polynomials) 
Pj(u; a\q), see [25j Section 3.20], by 



/„2a+2. n 2\ . 



(l-g 2 )%V 

The g-Laguerre polynomials in equation (j2. 10|) satisfy the orthogonality relation 

7 d q2 uu a cf\u\q 2 )6«\u\q 2 )E q2 (-u) = 5 jk q 2 ^ a+1+ » ^ U + - + ^ 



blq 2 ' 
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see [251 equation (3.20.2)]. Using the calculation rules in [10\ Lemma 10], this can be rewritten as 



= Sjk ■ 

One of the orthogonality relations for g-Laguerre polynomials in equation (j2.9|) is 



. {j + a + m + qr 

5 jk F7i T-77TTW2^ d -n=f^ S a ' ( 2J2 ) 



1_ 

[j] q2 \ g(i+l)0'+2a+2) ^ VV T +?' 

see [251 equation (3.21.3)], with 

VvTTV y (1 + 9 )»r, a (a + 1) i » » Vl + 9 

The function d(A, a) therefore satisfies 



r„2(a + l)7 



2uu a e„2(— u). 



Partial integration implies that this function satisfies d(\,a + 1) = d(X,a) for a > —1. The 
explicit expression for d can be found from [251 equation (3.21.3)]. 

Remark 1. The g-Laguerre polynomials do not form a complete orthogonal system for the 
Hilbert space corresponding to the measure in equation (12. 12ft . In [8j the compliment of the 
basis is constructed. The corresponding functions derived in [5J Section 4] (with a suitable 
renormalization) will therefore be annihilated by the g-Hankel transform %^' 7 in the subsequent 
Definition [21 This follows from the same calculation that leads to the subsequent equation (|3.2p . 

The g-Gegenbauer polynomials, see [161 equation (2.19)], are given by 

I — I 

Cn{q ^-^ [j]An-m d- q ^ i{1+q)t) ■ (2 - 13) 



They are big g-Jacobi polynomials on [—1, 1] with the two parameters equal to A — i, see [161 
equation (2.26)]. 

For v > — 1, the first and second q-Bessel function, introduced by Jackson, see [21j[22], are 
given by 

jW(x\q 2 ) = ( -^Yy——tll ( *) 21 for | X | < J_ (2.14) 

17 + t£ [ii?\T q ,(i + v + l) \l + qj 1-q 



and 



v 00 „2i(i+v)( i\i / „ \ 2i 



i + ^y ^ [i] g2 !r g2 (i + i/ + i) Vi + q 



6 



K. Coulembier 



Ju (x\q 2 ) is analytical in the area |x| < and jj) 2 \x\q 2 ) is analytical on M + . The first 
g-Bessel function can be analytically continued by the relation 

4 1) W)=^e q2 (-^)jP)(x|fl, 

see |17l Exercise 1.24], which is defined for all x. Since x is an entire function the 

formula above implies that x~ u J^\x\q 2 ) is analytic on C outside the poles {±iq~ k (l — q)~ 1 \k G 
N}. Therefore x~ v {x\q 2 ) is well-defined and analytic for i£R. 

These g-Bessel functions are related to the j[ ,(x;q) in [2TJ, (1.13) and (1.17)] or [T7J Exer- 
cise 1.24] by 

jV(x\q 2 ) =JW (2(1 -q)x;q 2 ), J« (x\q 2 ) = <f J« (2(1 - q)x; q 2 ) . 
The generating functions for the g-Laguerre polynomials are given by 

, \ a oo r {a)( r 2 \ 2\ , 2j , 2j .2 



jU(rt\q 2 )= — V \ V1+t ^ ' 6 - e g2 , (2.16) 

\l + qj Z^O(a + j + l)(l + g)J 9 V 1 + W' 



.7=0 9 



This follows from direct calculations, they are equivalent to formulas (3.20.11) and (3.21.13)]. 
2.2 The Howe dual pair and harmonic oscillator on M.™ 

Quantum spaces are spaces where the variables have braid statistics. The commutation relations 
are generalizations of the bosonic or fermionic ones by an i?-matrix. The algebra of functions 
on a quantum space can be seen as the algebra O of formal power series in non-commuting 
variables x l , . . . , x m , 

= C[[x 1 ,...,x m ]]/I 

with I the ideal generated by the commutation relations of the variables. We consider quantum 
spaces which satisfy the Poincare-Birkhoff-Witt property, which states that the dimension of 
the space of homogeneous polynomials of a certain degree is the same as in the commutative 
case. Superspaces, for instance, do not satisfy this property. 

We focus on the case of the quantum Euclidean space R™. The relations for the variables can 
e.g. be found in [HI [20], [33] . We denote by O q the algebra of formal power series for the specific 
case of the quantum Euclidean space. The quantum Euclidean space can be defined by the 
i?-matrix of the quantum orthogonal group O q (m), see [SHU]. The matrix R 6 f£{mx™)x{rnxm) 
can be expressed in terms of its projection operators as R = qVs — q~ 1 'PA + q 1 ~ m Vi, and is 
symmetric, R 1 ^ = Rfj. The matrix R depends on the parameter q and returns to the undeformed 
case when q — > 1 (limiZ^ = S^S})- The antisymmetric part defines the commutation relations 

V i [x®x= (V A )%x k x l = 0. 

We will always use the summation convention. The singlet part defines the metric Cj,- = C lJ , 
by (Vi)% = with C = C^dj = (1 + q 2 - rn )[m/2] q 2. The metric satisfies the relation 

C j i{R kl )^=(^ 1 )f t C lt (2.18) 
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and is its own inverse, CijC^ k = S k . The braid matrix also satisfies the relation 

C ij (R- 1 )% = q m - 1 C kl . (2.19) 

The generalized norm squared is then defined as x 2 = x l CijxK This norm squared is central 
in the algebra O q and is invariant under the co- action of O q {m). The explicit expressions for the 
coaction of O g (m) or the dually related action of U q (so(m)) can be found in e.g. [61 HU fT5| [20]. 
In order to obtain a Fourier transform a second set of coordinates is needed, denoted by y, which 
is a copy of the x coordinates. The commutation relations between the x and y coordinates are 
given by tfat = q~ l R%x k y\ see pi [291132]. 

The differential calculus on was developed in [6j [31] , the action of the partial derivatives 
is determined by 

dV = C ij + q(R- 1 ) i l l x k d l . (2.20) 

The Laplace operator on is given by A = d l Cijd J . It is central in the algebra generated 
by the partial derivatives and is O g (m)-invariant. The commutation relations for the partial 
derivatives can be expressed using Va or as 



1 



-,2 



ma k d l = qd l &> + 1 9 -C' y A, (2.21) 

ki * q m ~ 1(1 + q^~ m ) 

see [M]. Formulas ([27T8]) and (pTL9l) yield 

Ax j = n&> + q 2 x J A and d j x 2 = fix j + q 2 x 2 d j with (j, = 1 + q 2 ~ m . (2.22) 

The dilatation operator is given by 

A = 1 + (q 2 - lycqtf + ^#x 2 A (2.23) 

q n 

and satisfies Ax* = q 2 x i k. For «el, A" is defined by A u x i = q 2u x i A u and A"(l) = 1. 

The elements of O q corresponding to finite summations are the polynomials, the correspon- 
ding algebra is denoted by V . The space Vk is defined as the space of the polynomials P in V 
which satisfy 

A- 1 



A(P) = q 2k P or ^—^P = [k]#P. (2.24) 



For / analytical in the origin, /(x 2 ) £ O q is defined by the Taylor expansion of /. Equa- 
tion (pT22|) leads to 



5V(x 2 ) = *Vdf 2 /(x 2 ) + /(9 2 x 2 )^' (2.25) 
for general functions of x 2 and the g-derivative as defined in formula (12. ip . The relation 

d^fU 2 ) = \— - y 

x J v ; L(i + g)t 

is a useful calculation rule. 

There exists a second differential calculus on of partial derivatives di , which is obtained 
from the unbarred one by replacing <9 J , q, R, C by <9 J , q~ l , R~ l , C. In particular, the relation 

Wf(x 2 ) = x^ m " 2 ^ 2 /(x 2 ) + f{q~ 2 * 2 W (2-27) 

holds. The algebra generated by the variables and partial derivatives &> is denoted Diff(R^). 
The algebra generated by the variables and partial derivatives di is the same algebra. The 
polynomial null-solutions of A are the same as those of A. The space of the null-solution of 
degree k is denoted by Sk, so = Vk H ker A. 



-d q J{t 2 ) 



(2.26) 

i 2 =x 2 
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Definition 1. The operator E is given by E = [y] g 2 + q m x l Cikd k . 

Using the expression for the dilation operator in formula f|2.23j) the operator E can be ex- 
pressed as 



E 



m 
2~ 



+ q m l^-\-q m ~ 2 (q 2 -l)x 2 A 



Property (|2.24p then implies that for Sk £ Sk, 



ESk 



m 

h k 

2 . 



5 fc (2.28) 



holds. Together with A and x 2 , this operator E generates an algebra which is a g-deformation 
of the universal enveloping algebra of 5X2- 

Theorem 1. The operators A/fi, x 2 /fj, and E generate the quantum algebra U q (sl2) , 

[A/^xV/u] 4 = £, [Ey/fi] 2 = [2], 2 x 2 //,, [A/fi,E] q2 = [2} q 2A/fi. (2.29) 



Proof. Combining equations (|2.22|) and f|2. 19j) yields equation f|2.29j) . Equation (|2.22p implies 



x l Cijd^x. 2 = fix 2 + q 2 x 2 x l Cijd 3 , which leads to the second relation. The third relation is 



calculated in the same way. ■ 

Remark 2. As the generators of U q {s\2) are O g (m)-invariant, this quantum algebra and quan- 
tum group form the Howe dual pair (O q (m), UqisX^])-, or (U q (so(m)),U q (sl2))- 

The quantum algebra Uqis^) is equal to the one in [10]. In [10], U q (sl2) was generated by the 
standard Euclidean norm squared r 2 on R m and a (/-deformation of the Laplace operator A q . 
Since A q is still 0(m)-invariant, the Howe dual pair (0(m),U q (sl2)) appeared. Because the 
Oq(m)-invariant harmonic operators on quantum Euclidean space in the present paper generate 
the same quantum algebra we obtain an important connection between these two theories. In 
particular the Oq(m)-invariant Fourier transform developed in the current paper can be used 
to construct the 0(m)-invariant q- Fourier transform on Euclidean space, as will be done in 
Section 

Lemma 1 (Fischer decomposition). The space V decomposes into irreducible pieces under the 
action of U q {so{m)) as {see [20| [Po]) 

00 00 

j=0 k=0 

The operator identities in Theorem [1] yield 



EU 2l S k 



m 

h k + I 

2 



+ q 2 [l] q 2 )x. 2l S k 



and A(x. 2l Sk) = ^ 2 [l + k + ^ — 1] ? 2 [l] q 2X. 21 2 Sk- These calculations and the previous results lead 
to 

Theorem 2 (Howe duality). The decomposition of V into irreducible representations of 
U q (so(m)) is given in Lemma\\\ Each space J x 2j 5fc is a lowest weight module 0/^(5(2) 
with weight vectors x 2 ^Sk, the lowest weight vector is Sk with weight [m/2 + k] q 2. The Fischer 
decomposition ofV therefore is a multiplicity free irreducible direct sum decomposition under the 
joint action ofU q {s\.2) x U q (so(m)). 
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The antilinear involutive antihomomorphism * on Diff(R™) is defined by (AB)* = B*A*, 

(xi)* = x k Ckj, (<9 J )* = —q~ m d k Ckj and A* = A with A G C and 7 complex conjugation. This 
yields 

(x 2 )* = x 2 and A* = q~ 2m A. 

The harmonic oscillator on quantum Euclidean space was studied in [5j [14]. The two 
Hamiltonians (with an unimportant different normalization compared to [13]) are given by 

/l = I(_ A + x 2 ), h * = ±(-A*+x 2 ). (2.30) 
Both operators have the same eigenvalues. 



2.3 Integration and Fourier theory on quantum spaces 

In [23] a method was prescribed to generalize ^-integration to higher dimensions in the context 
of quantum spaces. Gaussian-induced integration for general /^-matrices is defined assuming 
there is a matrix r) € W nxm and a solution € O of the equation 

-r]\&g n = x l g v . (2.31) 

Integration j on the space Vg v , with V the polynomials on the quantum space is then uniquely 
defined by demanding j od l = 0, i = 1, . . . , m. For / £ V the integral J fg^ is of the form 

fg v = Z[f]I(g v ), (2.32) 

with Iigrj) = J gr) and Z a functional on V C O. Superspace with purely bosonic and fermionic 
coordinates can be seen as a limit of braided spaces, typically for q — )■ — 1, see e.g. [13]. From 
this point of view it is interesting to note that the Berezin integral can also be constructed in 
this setting. In |12t [9] this led to integration over the supersphere and a new interpretation of 
the Berezin integral. 

An explicit example of this construction was already defined on quantum Euclidean space, 
see [14] , In |34| it was shown that this integration can be defined and generalized using integra- 
tion over the quantum Euclidean sphere. In Section f4.il we will show how this approach follows 
from harmonic analysis on quantum Euclidean space. 

In [23] a general procedure to construct a Fourier transform on quantum spaces was developed. 
First the appropriate Gaussian-induced integration J should be constructed and the exponential 
or Fourier kernel (see \29\ I36|) calculated. The Fourier transform on a braided- Hopf algebra B 
with left dual Hopf algebra B* is a map J- : B — >■ B* . The co-ordinates for B are denoted by x 
and for B* by y, the Fourier transforms are given by 

nf(x)](y) = / /(x)exp^(x|y), ^*[/(y](x) = f /(y) exp A (x|y). 

J x J y 

These Fourier transforms are each others inverse, T*T = Vol<S, with S the antipode on B. As 
an explicit example we consider the braided line B = C[x], with braided-Hopf algebra structure 
as introduced in [28] given by 

■ =0 i fc Jlq-Ulq- 
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The dually-paired Hopf algebra B* is the same Hopf algebra with variable y. The relation 

00 k k 

xy = qyx holds. The exponential is exp(:r|y) = Yl wr an d satisfies dxexp(x\y) = exp(x\y)y. 

k=o 1 iq ' 

The Fourier transforms take the form 

/7-00 pS-00 
d q xf(x)exp(x\y) and JF*[f](x) = I d q y f (y) exp(x\y) . (2.33) 
-7-00 J— S-oo 

The theory of [23] then implies J r *J r [/](a;) = S , /(x)Vol 7j< 5. We can rewrite this in a way that 
will be more closely related to our approach of the Fourier transform on W.™. Define g(y) = 
Vol - 7^""[/](y)> then the definition of the antipode implies 

S-OO OO k(k + l) , , 

— q 2 y k X K 



/o-oo *~ 



In this equation and in the first equation of (|2.33p . there are no coordinates which have to be 
switched before integration. This implies that we can assume x and y commute and write the 
equations above as 

^ /"y-oo rS-oo 

g(y) = — — / d q x f(x)e q (xy) and f(x)= d q y g(y) E q (-qyx). 

J— 7-00 J —S-oo 



In [26] a closely related analytical approach was given to the one dimensional Fourier trans- 
form above. Consider real commuting variables x and y. Using the orthogonality relations and 
the generating function of the Hermite polynomials in equation (|2.8j) . it is possible to prove 



2r V(i 



V * d q X 



1 * \ / 2 

X \ _ / X 



fc-1 



e q {-ixy) 



= foi^^^Vv ("^) - (2-34) 
which is equivalent to |26( equation (8.7)]. For every 5 £ M + , 



1 



S-oo 

d q y 

-S-oo 



y v I -it 



E q (iqyx) 



jfr f X \ f \ 

= ^(w)^)(i +g )¥^ IttoJ Eg2 ri+flj (2,35) 

holds for C<5 some constant depending on (5, see [261 equation (8.21)]. So the two Fourier 
transforms as defined in equations (|2.34p and (|2.35p can be regarded as each others inverse, 
which was to be expected from the theory of [23]. There is however one difference between 
the explicit Fourier transform in [26] and the abstract theory in [23]. While the inverse Fourier 
transform remains unchanged, the integration for the Fourier transform is limited to a finite 
interval. This will be explained in the subsequent Lemma [6l However, using property (|2.7p the 



integral can be replaced by f . So the analytical approach of [26] recovers the theory 

from [23] with an imposed limitation on 7. For other 7, the theory from [23] would still hold, 
but the constant Vol 7i 5 is infinite. 
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3 The g-Hankel transforms 

In this section we define two g-Hankel transforms using the first and second g-Bessel function. 
These transforms will act as each others inverse. This is a generalization of the result in for- 
mulas (|2.34p and (|2.35p . By evaluating the Fourier transform on the appropriate functions in 
Section 14.21 the first of these g-Hankel transforms will appear. 

We will calculate the g-Hankel transforms of the g-Laguerre and little g-Laguerre polynomials 
weighted with a g-Gaussian. The undeformed Fourier-Gauss transform of these polynomials 
was already studied in pp. There also exists a third g-Bessel function besides the ones in 
equations (|2.14p and (|2.15p . We will not explicitly need the third type, but it is interesting 
to note that in |27l [2] the corresponding g-Hankel transforms were constructed. These Hankel 
transforms could also be used to define an O g (m)-invariant Fourier transform on R™. This 
would have the advantage that the Fourier transform is its own inverse. That Fourier transform 
would however not behave well with respect to the derivatives on K™. This is already the case 
for the Fourier transform on the braided line, as is proven in [27]. The braided line corresponds 
to R™ for m = 1. 

In anticipation of the connection with the Fourier transform on quantum Euclidean space 
we will scale the g-Hankel transforms in the following definition with see equation (|2.22p . 
although at this stage any constant could be used. The reason for the appearance of unfixed 
constants /3, 7 will become apparent in Sections 14.21 [51 and 171 

Definition 2. For /3,7 £ M + and v > — ^, the g-Hankel transforms are given by 



K v [f(r)}(t) = — d q r — — r + [f(r)\ 



V Jo " (rt) 



and 



CTM(f)= ii«r /'' ! w <w . M 

A 4 Jo \ rT ) 

In this definition it is not specified on which function spaces the g-Hankel transforms act. 
At the moment we define them on functions for which the expression exists. 

In order to connect the Fourier transform on IR™ with these g-Hankel transforms we define 
the following transformations, 

7?%]{#) =nf[4'oT](t) and ^M( r 2 )=^[^oT](r), 
with T(n) = u 2 . 

In order to prove the properties of the g-Hankel transforms we will need some identities of 
the g-Bessel functions in equations (|2.14p and (|2.15p . These are summarized in the following 
lemma. 

Lemma 2. The first and second q-Bessel functions satisfy 

.... J%{u\g 2 ) + J^Hg 2 ) [9 . J^iqu) 
^iH^ + ^iHg 2 ) _ [9 , J { u\u) 

(Hi) d q u Jl l \u\q 2 )u u = J® x (u\<j*)u v and dl4 2) {u\q 2 )u u = q v ' J® 1 {qu\<?)u v '. 
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Proof. The right-hand side of the second property (for the first g-Bessel function) can be 
calculated using \y\ q 2q 



2% 



[v + i\ g 2 - \i\ a 2, 



Mo* (1 + 9) 



jP(gu) 



(1 + 9) 



{quY 
1 °° 



■If 



i=0 



[i\ 2\T{i + is) \l + q 



u 



2 i 



(-1)* 



[i-l]ga!r(t + i/ + l) vi + 9 



2P 



(1) 



The first and the third property follow from a direct calculation. The left-hand sides of the 
properties can also be obtained from j!71 Exercise 1.25]. I 

Corollary 1. The second q-Bessel functions satisfy the following relation: 

diu^tflMi) = Mjf&Mt) -f +1 u» +1 4 2 \qu\ q 2 ). 

Proof. This is a direct consequence of the second formula in Lemma|2|i). ■ 
Combining generating function (12.16|) and orthogonality relation (12.11j) yields 



d q r 



Ji 1] {rt\q 2 ) 



„2v+l 



(rt) v 

q 2(J+l)(J+v+X) t 2j 



c 



■|9 2 E q 



1+9 



qH 2 
1+9 



(3.1) 



Generating function (|2.17p and orthogonality relation ()2. 12|) lead to 



7-00 



dqt 



d 



4 2) (qrt\q 2 
(rt) u 

7 

yr+9 v 



2u+l 



C 



— \q~ 2 



l + q 

-a+m+2v+2) 



-q 2 t 2 
l + q 



n2j 



~, r^E n 2 

(l+q) 3 q 



1 + 



(3.2) 



The following expansion of a monomial in terms of the g-Laguerre polynomials is a direct 
consequence of equation (|2.17p , 



f 2.J 



(i + 9) J bV 

Applying this yields 



i (-l) i (g 2i + 2, ' +2 ;g 2 ) (j -_ i) g CM)Ci-*-i)+(*+i)(<+2H-2) 
1^ ~ 



kj-iWii-qty-* 



i2(j+l)(j+^+l) 



.2+2 



1 + <T 







9 1 



(rt) 1 



e„2 



(l + g)%V 9 Vl + 9 



7 



1 



.2/ 



^ (-l)'(g 2 ^+ 2 ;g 2 ) _ t) gg-Qg-i+l) 

^ [i-i] g2 !(l-g 2 )i- g 2(i+i)(i+,+i) VVT+9'V M^!(l + 9)^ 

7 



l + q 



d 



VT+q I 3 



l + q 



W E q 



l + q 



These calculations imply the following relations for the g-Hankel transforms in Definition [2j 



H 



cf[(3-\c?)E q 



-/3- 



l' 



(*) = n ^^ Cjt 2j e g 2 



fi/3 



for P E 
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e q2 



-a- 



A* 



a \ jn i v ) t v \ I 



(r) 



Vf 1 



r 



for a, 7 G 



with Cj - £ 



20+l)0+"+l) 



By considering the case (3 = 1/a we obtain 

Theorem 3. For each a,7 S M + , the inverse of the q-Hankel transform Tit'' 7 acting on W[t 2 ] 
i q 2 t 2 \ 



:[t 2 



e q 2 



a 2 t 2 \ 
a- — -> I r 

A* J 



E q2 [ 



r 



is given by 



V«7 
y/T- 



it, , 



e q 2 



-a- 



This theorem for = — i and ^ = ^ is identical to the results in equations (|2.34[) and (|2.35|) . 

In order to prove the behavior of the Fourier transform on we need the following properties 
of the g-Hankel transforms. The exact function spaces on which they act is again not specified, 
the properties hold if all the terms are well-defined. In particular these lemmata hold for the 
function spaces in Theorem [3j 

Lemma 3. The first q-Hankel transform satisfies the following properties: 



(0 t'nlUttrm + H q ^ 1 [r 2 f(r)](t) = ^} q H q f[f(r)}(qt) 



(u) d\ur [/](*) 



(Hi) % 



V 1 / 

r 



(0 



[/](*) an d 

t 1 



0. 



T/ie second q-Hankel transform satisfies the following properties: 



lA V \q 



-,2v 



nr[f(t)](q- l r), 



(ii) df'nrm) = - q ^±lrHl'Uf](r) 

A 4 



and 



(Hi) % 



9,0 



-Af 



ir) 



1 + 



WSTi[/](r) 



Proof. The first property is a direct consequence of Lemma EJm), the second a direct conse- 
quence of Lemma E^i). Property (Hi) is calculated using formulas (I2.2p and (j2.4j) and Lem- 
ma |2f m) 



579,A 



V 1 / 

r 



(l-^)/3 



(l-^)/3 



d 9 r 



d q r 



r 1 ^? /(r) 



(l-q^)/3 



d q r 



d q r - 
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= -g— I V ^ r /(r). 

Property (m) for the second g-Hankel transform is calculated similarly. 
Lemma 4. The relation 



[td q J(t)} (r) 



ZioWs /or i/ie second q-Hankel transform. 
Proof. The left-hand side is calculated using Corollary [H 



[tdU(t)} (r) 



l+o i r'°° 



l 



/(*) 



7-00 



[i q 



f(t) 



which proves the lemma. 



4 Integration and Fourier transform on M.™ 

4.1 Integration over the quantum sphere and induced integration on 

First we show how the Howe dual pair (O q (m), U q {sl2)) uniquely characterizes the integration 
over the quantum sphere from 



Theorem 4. The unique {up to a multiplicative constant) linear functional onV invariant under 
the co-action of O q {m) and satisfying Jgm-i x 2 i? = Jgm-i R is given by the Pizzetti formula 



2(rV(i)) m 



m— 1 
1 



CO 

= ^ V 2k [k} q2 T q2 (k + f) 



{A k R){0) for ReV. 



Proof. The Fischer decomposition in Lemma [T] implies that the integration on V is uniquely 
determined if it is determined on each of the blocks x 2 '5fe. Since these blocks are irreducible 
(so (m) ^representations (or irreducible 0,j(m)-corepresentations) the integration should be 
zero on each such block which is not one dimensional. This implies that the integration can only 
have non-zero values on the elements x 2 '. The second property then implies J§m-i x 2 ' = Jgm-i 1, 
which shows that the integration is uniquely determined up to the constant J* s m-i 1. It is easily 
checked that the Pizzetti formula satisfies the conditions. ■ 



We chose the normalization such that J§m-i 1 



r, 2 (f) 



This quantum sphere integration 



can be expressed symbolically using the first g-Bessel-function (|2.14j) . 



771 — 1 

<1 



R = 2[T q 2 K 



(v^A/^ J 
The following lemma will be important for the sequel. 



R (0). 



(4.1) 
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Lemma 5. The Fischer decomposition (see Lemma^) of x 3 S'fc(x) with S k G S k is given by 

x*S k = Us k - x 2 1 &S k ) + x 2 (——±——-&S y 

\ n\k + m/2 - l\ q 2 ) \fi[k + m/2 - l\ q 2 

with 

x^Sk-x 2 —— l — — — d ] S k J G and (-ft— 77^ — r* Sfc ) £lS "' 

/i[fc + m/2 — lj g 2 / + m/2 — / 

Proof. Since A and d j commute ( „ [fc+m / 2 -i] 2 dj S h) e S k-l- Equations (I2T22]) . (1239]) 
and (12381) yield 

A f a^'S* - x 2 — -. ^d j S k J = u#?',S fe - /i 2 £— ^ r-9 J 5 fc = 0. 

V //[fc + m/2 - l] q 2 k J P P ^[jfe + m/2 - l]ga 

This can also be calculated by using the projection operator from V k onto S k developed 
in [201. ■ 



Before we use the quantum sphere integration to construct integration on along the lines 
of [23] and [13], the following lemma should be considered. 

Lemma 6. For the q-integration in equation (|2.3p with 7 6 M + , the expression 

r>7-00 

E q (-t)d q t 







is infinite unless 7 = Q 3 jzr f or some j G Z. In t/mf case it reduces to Jq 1 q E q (—t)d q t. 

Proof. Property (12. 5|) can be rewritten as -Eq(t) = E q (qt) [1 + (1 — q)t], which implies 

E q {-q- k ~i) = E^-q 1 -^) [1 - (1 - q)q- k 1 ] . 

First we assume E q (—q l ~ k ^/) is never zero for k G Z. The equation above then yields 
|£g(-9" fc 7)| > |^g(-g 1_fe 7)|« and Sign(£g(-fl- fc 7 )) / Sign^-g 1 "^)) for fc > N G N 

ln(-it9) 00 

with N > — inn / ) • This implies that E q (—q 7)0 will not converge, therefore the 

nl /9> k=N 

integral (12. 3p will not exist. 

If E q (—q 1 ~ k ^/) = holds for some k G Z, the unicity of the zeroes in equation f|2.6[) implies 

fc — 1 — I j 

that 7 = q j_ for some G Z and Z G N, or 7 = for some j G Z. The integration then 
reduces to the proposed expression for the same reason as in equation (I2.7p . ■ 

Now we can construct integration on from the quantum sphere integration according 
to the principle of Gaussian-induced integration. The two differential calculi lead to different 
Gaussians and integrations. For constants a,/3 G R + , the relations 

d%2(-ax 2 ) = -afix j e q 2(-ax 2 ) and tVE q 2(-px 2 ) = -(3q m - 2 fix j E q 2 (-/3x 2 ) 

imply that e ? 2(-ax 2 ) and E q 2(—{3~x. 2 ) are Gaussians according to equation (12.3ip for the un- 
barred and barred calculus respectively. Define the following two integrations for 7, A G M + on 
polynomials weighted with undetermined radial functions, 



i4(x)/(x 2 ) = / d q rr m+k - l f(r 2 ) / R k (x) and 
Jo Vs™- 1 
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l (A) 



^(x)/(x 2 



d m+k-l f ( r 2 ^ 

3 m-l 



RkU) 



The Taylor expansion of the function / in the origin is assumed to converge on ]R + for the 
first integration and on [0, A] for the second integration. These integrations correspond to the 
Gaussian-induced integrations. 

Theorem 5. The integrations defined above satisfy 

& 1 = on V ® e q 2 {— ax 2 ) for a, 7 € K + and 
dJ = on V ®E q 2 (-/3x 2 ) for f3 G R+. 



7-Jl 



>( 1 , ) 

V V(l-9 2 )^ / 



Proof. The first property is well-known, see e.g. I34j . In order to prove the second property 
we consider the expression 

F/(x 2 )S fe (x) = q m ~ 2 n [ (d^/(x 2 )y S fc (x) + / /(g- 2 x 2 )F^(x). 

for a spherical harmonic € Sk- If ^ 1 the right-hand side is always zero, because of 
Lemma [5] and the expression for Jgm-i in Theorem [H In case k = 1 the spherical harmonics are 

the monomials x l , i = 1, . . . ,m. Therefore we calculate using equation (|2.26j) . Leibniz rule (|2.2p 
and equation (|2.4p 



dif{y?)x i = q m - 2 n \ (d q x2 /(x 2 ))xV+ / /(g" 2 x 2 )C^ 
-(A) -/By (A) X ^B-(A) 



2(r g2 (^)) m ^ 
i>(i + f) 
2(r g2 (i)) m c^ 

r g2 (i + f)(i + g 
2(r g2 (i)) m c^ 

r 2 (l + f)(l + <j 



A 



A 



q m / d q rr m d^f(q- 2 r 2 ) + [m] / d q rr m ~ x f [q~ 2 r 2 ) 



\ m f(q- 2 \ 2 ) - limr m f(q~ 2 r 2 ) 



When we substitute /(x 2 ) = y? l E q 2 (-/3x 2 ) with / G N and /3 G K + and use equation (|2.6p we 
obtain 



/ 



di x 2 '5 fc (x) E q 2 (-/3x 2 ) =0 Vfc, L 



This proves the second part of the theorem because of the Fischer decomposition in Lemma[TJ 
Remark 3. The properties 



/ di ' = on V ® e g2 (—ax 2 ) for a, 7 G 
- ' ( 1 .. ) 



and 



/ &?' = on 7? ® E q 2 (-^x 2 ) for /3 G 
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also hold. They do not correspond to Gaussian-induced integration for those calculi in the strict 
sense. However it is a straightforward generalization, the generalized Gaussian satisfies the 
relation 

-rijd 3 9v( x ) = xl 9 v (l x ) 
(or —r]jdig v (x.) = x l g rj (q~ 1 x)) in stead of equation (|2.3ip . 



Since ^ Rm E q 2{— /3x 2 ) will be infinite for general 7, similar to LemmaEJ the finite integration 

eds to be used on V®E q * 
infinite integration, 



<? 

needs to be used on V®E q 2 (— /3x 2 ). As in equation (|2.7p this integration corresponds to a specific 



/ = f on V®E q 2(-fiK 2 ) for G M + . 

q V V(l-9 2 )/3 / V V(l-'J 2 )/3 / 9 

Theorem [5] therefore shows that for integration on V ®e q 2{— ax 2 ) there is a bigger choice since 7 
does not depend on a. However, it is straightforward to calculate 



/ x 2 'g tV (-«x 2 )=^ /" e g2 (-ax 2 ), 

JtR™ r g 2(?r)a'<p Ht+ 2 ^ ; 7 .f ™ 



which implies the integrals for different 7 on V ® e^f-ax 2 ) are proportional to each other. 

In the sense of equation (|2.32p the only difference between the integrations for different 7 
is the value I(g v ) while the functional Z does not depend on 7. For strict Gaussian-induced 
integration in the unbarred case, only one choice gives an I(g^) which is finite. 

4.2 Bochner's relations for the Fourier transform on W" 1 

Q 

The exponential exp^(x|y) on a quantum space satisfies 

ajexp A (x|y) = exp^(x|y)y J , (4.2) 

see [231 US ES]- From now on exp^(x|y) stands for the exponential on R™. It is uniquely 
determined from equation (I4.2p and the normalization exp^(0|y) = 1. In order to define the 
Fourier transform according to [23] the Fourier kernel needs to be combined with the Gaussian 
induced integrations for the unbarred calculus in Theorem [5] and evaluated on V % e q z{— ax 2 ). 
It turns out that the Fourier transform defined by the generalized Gaussian-induced integration 
for the unbarred calculus in Remark [3] will lead to interesting properties, see Section [5j This 
choice also corresponds to the one dimensional theory in equation (|2.34p . The Fourier transform 
can be defined on each space V ® E q i{—P^-). First we will extend this space. Define 

Vp = V ® E q 2 (-p?-\ /3gK + and V a = V <g> e q 2 (-a?-^-) , a G R + . 

The different spaces V a (or Vp) are not necessarily disjunct since equation (I2.5P implies 

V q -2j a C Vq-zj-2 a and V q 2 j/S C V q 2j+2p for j G N. 

Therefore we define V[ a ] = U£L V g -2j Q and V[p] = U°^ V g 2 J/3 for a, (3 G M + . Since, for j G N, 
V q 2j a C V a , V[ a ] can also be identified with UjL_ 00 V q -2 Ja and V[p] with VJJL_ 00 V q 2j p. 



18 



K. Coulembier 



Definition 3. The first Fourier transform J-^m on R™ is a map V^j — > f° r each /3 G 



In the subsequent Corollary [21 it will be proven that the Fourier transform does indeed map 
elements of Vrgi to V\ym. First we need the following technical lemma. For a polynomial P, 

we define [P]j by the equation J2i[P]jd x = diP — diP in Diff(R™). So in the undeformed 

Euclidean case, [P]j = PSj . 

Lemma 7. For 6 i/ie relation ^2,- Jc^S^x)]; = [A;] g 2<Sfe(x) ZioWs loii/i <9j = Cjkd k . 

Proof. The lemma is proven by calculating the expression ^2j{di[djSk('x)]x 2 ] in two different 
ways. The expression is equal to 



]T [[^S fc (x)]^x 2 ] = ^^.s,.;x! //u-' 



It can also be calculated using formulas (|2.22p and (|2.28p 

2 [^x 2 [^ fe (x)]] = ^/^[^(x)] + ]>> 2 x 2 [^[^(x)]] = M [fc],^fc(x), 

3 3 3 

which proves the lemma. ■ 
Remark 4. Using the same techniques for a general polynomial P^ € 'Pfc yields 

3,/ ^ 

Equations (|4.ip and (|4.2p imply that the quantum sphere integral of the Fourier kernel will 
yield the first g-Bessel function. This result can be generalized by introducing spherical har- 
monics in the integration. 

Theorem 6. For Sk € Sk, the following relation holds, 

5 fc (x)exp^,x|y)=2^/- 1 (F g2 (-)) i* ^ " S k (y). 
Jbg ,x \yy ) 

Proof. First we prove that the relation 



2/ 



A* +, 5 fc (x) exp^x|y) = i t+2, !^exp^x|y)y 2i 4(y) + • • • (4.3) 



holds, where • • • stands for terms of the form P(x)exp^(ix|y)g (y) with P 6 ®j>oPj- In case 
k = 0, equation (|4.2j) implies that A^exp^(ix|y) = (—1)' exp^(zx|y)y 2 ' holds. Now we proceed 
by induction on k. Assuming equation (|4.3p holds for k — 1 we calculate, using equations (|2.28j) 
and (12321) 

A£+'S fc (x)ex Pi j(ix|y) = _A*V [d x3 S k (x)} ex Pi j(ix|y) 

= -3-g 2fc+2Z ^A^' [0,-S fc (x)] exp^(zx|y) 
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[k] q2 
■•• + » 



1 



fc - 1+2; ^^^exp^(,x| y)y - 



[0A(y)]?V. 



Lemma [7] then proves that equation (|4.3|) holds for every /c. We also used the fact that for 
S p £ S p , [Sp]j G S p which follows from the fact that c% and A commute. Equation (|4.3p then 
yields 



/ 



S' fc (x)exp i j(ix|y) 

= 2 (Ms))™ 



(Ai +fc 5 fc (x)exp A (zx|y))(x = 0) 



^ §bV !r ^ + fc + f)^'' 

Comparing this with equation (|2.14[1 proves the theorem. ■ 

2 

This theorem allows to calculate the Fourier transform of an element of V ®E q 2{— /3— ) inside 
one of the irreducible blocks of its ^(so(m))-decomposition. 

Corollary 2. The Fourier transform in Definition® of a function 



T-S k {y). 



S fc (x)V(x 2 ) EV®E q 
with Sk £ Sk is given by 



-(3- 



X" 



/'• 



C Vr 



^ ± [S fc (x)^(x 2 )](y) = {±t) k S k {y)7 q £ +k _ l [^]{y 2 ) 



(±i) 



(l-9 2 )/9 



cLr r 



m+2fc-l 



J 



(1) 



'1+9 



f+fc-lV n 



rt\q 2 ) 



(rt)f +fe - 1 



S k (y) 



t2= y 2 



These formulae are the Bochner's relations for the Fourier transform on M.™. For the classical 



with r and t two real commuting variables. 

These formulae are the Boch 
Bochner's relations, see e.g. [19 
This corresponds exactly tc 

Corollary [2] for m = 1 and k = reduces to 



This corresponds exactly to the one dimensional case for /3 = 1. Since lim jjl = 1 + q, 

m— >1 



20(1) 



2i>(i) 

This agrees with 
e 9 (ra) 



1 


/ . 


9 








-9 


m = 


1 






!* 


9 






v^ 1 


-9 



d q xip(x )e q (ixt) 



d q rt/j(r 2 



J { y k (rt\q 2 



(rty 



for t 2 < 



d q xxtp(x ^je q (ixt) = i 



d q rr i/j[r* 



J ( l\rt\q 2 ) 



(rt) 



l-q 



t for t 2 < 



l-q 



o; 2 



i + 



(1/2) 



J {l l{u\q 2 )+iJ^(u\q 2 ) 

2 



(1), 

2 



which can be easily calculated. 
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5 Properties of the Fourier transform 

The Fourier transform is determined by its Bochner's relations, see Corollary [2j The second 
Fourier transform is immediately defined here by its Bochner's relations. 

Definition 4. The second Fourier transform J-^[ m on M.™ is a map V[ a ] — > V[i/ a ] for each a G M + . 
For a function Sk(y)ip(y 2 ) G V <8> ^2 (— ^) the transform is given by 



J^[5 fc (y)^(y 2 )](x) = (±i) k S k (x) 
for an arbitrary 7 € M + with 



_ x-q>7 



m 1 s frt _ ctq -y 



l( ™ X) 2 ' " ^ ^ , x , / lam 

V««a E q 2{-u) = d ( 7\/- 5 "J _ 1 



r a 2 (ir) -/o 



/ q~ 2 ia m 



for 7, fc G N. 



The second Fourier transform does not depend on the choice of 7 as can be seen from the 
expressions in the subsequent Theorem UJ From the properties of c{y/a^) it is clear that the 
definition does not depend on which V a the element of Vr a i is chosen to be in. Although the 
Fourier transform on each space Vr Q i is denoted by the same symbol, each Fourier transform 
should be regarded as an independent operator. In Section [7J these different transforms will be 
combined in order to construct the Fourier transform on the Hilbert space corresponding to the 
harmonic oscillator. 

Theorem 7. The Fourier transforms in Definitions® and® are each others inverse, i.e. for 
each a, /3 G M + 



-ft x-d 

J~ ram O J- „ 



id v . 



and 



J 7 jm J~ to 



id^ 



Proof. This is a consequence of Corollary [2] and Theorem [3j It can also be obtained directly 
from the relations, 



•> IB" 



4^ 

2 2 

q y 

(x) 



(y) 



(±i) fc af +fc+ ^ jy 2 ^ fc (y) e(?2 



-a- 



af+ fc +^y 2 ^ fc (y)e g2 



-a- 



fe/ ,(f +fc-i) f x 



I — |^ ) S fe (x)^ 



afi J 



with Cj = 151 [j]" 2 !m^ ' ^ nese f° now immediately from the calculations before Theorem [3j 



Partial derivatives and multiplication with variables are operations which are defined on V a 
and Vy3 and therefore also on Vr a i and Vrgi . In this section we investigate how they interact with 
the Fourier transforms. 
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Theorem 8. For f G Vrgi and g G V[ a ] witt a,/3 G M + , f/ie following relations hold: 
(i) ji[xV(x)](y) = Ti^ ? [/(x)](y), 

(**) - 7r M™[y J 5(y)](x) = ^^j,[s(y)](x), 

(m) ^ $/(x)] (y) = T*?V^. [/(*)] (y), 



) ^ W»(y)] ( x ) = Tix j Ftn [g(y)\ (x) 



Proof. In order to prove (i) we choose /(x) of the form S k (x)il)(x. 2 ) G "P (8) -E 1 ,^ (— for 
an arbitrary /5 G M + . We use the Fischer decomposition of x J S k (x) in Lemma [5] and define 
^'(r 2 ) = r 2 tp(r 2 ). Then, 

^™[^5 fe (x)^(x 2 )](y) = (±i) fe +V'5 fe (y)Tf +fc M(y 2 ) 



fc _ x y 2 d^S k (y) — q ,i3 ( ,v .v fc _i ^5 fe (y) — ^ 



holds. Applying Lemma [3]^) then yields 

ji, n [^S fe (x)^(x 2 )](y) 

= (±i)" + V'5 fe (y)jf +fe ^](y 2 ) + (ii)*" 1 [0»'S*(y)] ^wM^y 8 ). 
Now we calculate the right-hand side, using equations (|2.25j) and (|2.26p and Lemma EJu), 

^J^[ 1 S fc (x)^(x 2 )](y) 

= -{±i) k+l y^S k { y )^dp q £ +k _ 1 h/>] (y 2 ) + (±i) k ~ 1 [&S k (y)] J|Vi M (<zV) 

= (±,) fc+1 ^5 fc (y)jf +fc M (y 2 ) + (±i) k ~ 1 [&fS k (y)] Jf +fe _! [fl (g 2 y 2 ). 

This proves property (i). 

Property (ii) can be calculated using the exact same techniques. Consider S k (y)ip(y 2 ] 
V <S> e q 2 (— ct^—). Combining Lemma [5] for the barred calculus with Lemma El^i) yields 

c ( v / ^7)^k'^(y)V'(y 2 )](x) 

= (±o fc+ Vs fc (x)j|; fc M(x 2 ) + (±^[aF5 fc (x)]^|ViM(9" 2x2 )- 

Equation (12. 27ft and Lemma (3^ii) imply that this expression is equal to 

c(v^7)^^[/(y)](x). 



Properties (Hi) and (iv) follow from properties (i) and (ii) and Theorem[71 As an illustration 

2 2 

we calculate property (iv) directly. Consider S k (y)ijj(y 2 ) G V <8> e g 2(— a 2 -^-) for an arbitrary 
a G M + . Using equation ()2.25|) in the left-hand side of the second property yields 



% [^^(y)V'(y 2 )] (x) = J% [^(dfa{y 2 ))S k (y)) (x) + [(& S k )(y)^( q 2 y 2 )] (x). 
The property /J' 00 d q tf(qt) = ± J 7 ' 00 d g t/(i) yields 

c(v^7)^[(^5 fc )(y)^(g 2 y 2 )](x) = i^_(#S*)(x) J|? ^ 

q 2 
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For Sk+i £ <Sk+i, Lemma |3£m) implies 

c(^7)^[S fc+ i(y)a^(y 2 )](x) = (±,) fc - 1 5 fc+1 (y)J-|; fc _ 1 [V](x 2 ) 
and for Sk-i G Sk-i Lemma H] yields 

c (^7)^[^i(y)y 2 (^ 2 2 V(y 2 ))](x) 

From these calculations combined with Lemma [5] and taking S^+i and Sk-i as defined by 
x J Sk = Sfc+i + x 2 Sfc_i, we obtain 

c(^7)^[^S fc (y)^(y 2 )](x) 

= (±i) k ~ 1 [S k+1 (y)Tf +k _ 1 [^ 2 ) +x 2 5 fc _ 1 (x)^ +fc _ 1 M(x 2 )] 

= (±z) fc - 1 x^ fc (x)J-|; fc _ 1 M(x 2 ). 

This proves property (iv). ■ 

The behavior of the Fourier transforms with respect to the Laplacian and norm squared can 
be calculated from Theorem [HJ For J 7 ^™ acting on each space V^] and for acting on each 
space Vui, the relations 

•^R™ ° x 2 = — A y oJ R j,, -^r™ ° A* = — y 2 o J^m, 

*^]gm ° y = A x O .7~jj^ m ; *^R m ° Ay — X O J~^ m 

hold. This implies that the Fourier transforms map the two Hamiltonians for the harmonic 
oscillator in (|2.30p into each other, 

J~j^m o h x = hy o J~^m and -^"r™ ° = ° -^fm • (^'-0 

6 Funk— Hecke theorem on 

The polynomials on the quantum sphere correspond to V/(R 2 — 1) with (R 2 — 1) the ideal 
generated by the relation R 2 — 1. The Fischer decomposition in Lemma [T] implies that this space 
is isomorphic to S = ©a-Lo^-" i nner product on the quantum sphere (•)•) : S x S — > C 

(f\9) = [ , W (6-1) 

is positive definite, symmetric and O g (m)-invariant, see [15} Proposition 14]. In particular 
5fc _L Si when k ^ I. The symmetry can be obtained from the results in p3] or from the 
subsequent Lemma El 

In [32] the polynomials of degree I in x and y, (x;y)^ which satisfy 

^.(x;y)« = [/],- 2 (x;y)^ 1 )^- 

were determined. In particular this implies that the exponential on takes the form 

l=o 



oo 



exp^(x|y) = ^ 
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For later convenience we define (x|y)^ = a! (x; y)^, so 

a?<x|y>« = [l],(x|y>P-V. 
These polynomials satisfy the following Funk-Hecke theorem, see [18] for the classical version. 
Theorem 9. For Sk € Sk, the relation 

[ 5 fc (x)(x|y)« =a M 5 fc (y)y'- fc 
holds with 

2T q ,(\T[l] q \ 



a k,i = < 



if k + I is even and I > k, 



if k + 1 is odd, 

ifl<k. 



Proof. This follows immediately from Theorem [6j ■ 

This will lead to the reproducing kernel for the spherical harmonics. First the following 
technical lemma is needed. 

Lemma 8. For I > and q£R, the following relation holds: 
l 



£ ( _i)ya-D 

j=0 



l\ T q 2(a + l-j) 



jj q 2 T q2 {a + l-j) 



0. 



Proof. The calculation ('.) 2 = 2 + q 2 -* ( l - 1 ) 2 is straightforward. Applying this yields 

J (J *J (J J CI 



C[l] :=J>1) 
j=0 
l-l 

j=0 
l-l 

= ^(_iyvc?-i) 

j=0 

= q 2a [l-lUC[l-l]. 



A T 2 (a + l-j) 



l-l 



jj 2 T 2 (a + l-j) 



^(-i)V'O'- 

3=0 

r g 2(a + f-j-l) 



1) 



Z-l\ 2j T q2 (a + l - j) 
j )/ ^(a + l-i) 



V 3 
I - 1 



3 / q 2 



r T q2 (a-j) 

^ 2j T q 2(a + l- 

YAa + l-j) 



[a + l- 1- j] q 2 - [a- j] q 2) 



This relation shows that C[l] = and by induction C[l] = 0, for I > 0. 

We define the coefficients c™' A of the g-Gegenbauer polynomials (|2. 13[) as 

LfJ 



A,n-2j 



Theorem 10. The polynomials 
LfJ 

F n ,(x|y) = ^^^^-^(xly)^)^ 

3=0 



(6.2) 
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with c™' X as defined in equation (j6.2j) and C n = - 2 + J q2 ,itl 2 satisfy 



/ 5fe(x)F„(x|y) = 5 kn S k (y) for S k G 5 fc . (6.3) 

is™- 1 

Proof. If n — k is odd or n < k then the left-hand side of equation (|6.3|) is zero because of the 
expression for a/, i in Theorem [9J So we consider the case n > k and n — k even. The left-hand 
side of equation (|6.3p can then be calculated using Theorem 

/ S fc (x)F n (x|y) = C^c^- 1 [ S fc (x)(x|y>("- 2 V J 

__ \ 

= C n f £c"' 2 1 a fc ,n-2 J J S fc (y)y"- fc . 

Therefore we calculate 

n — k 

■A n,f-l 
3=0 

n — fc 

(-l)VO--D I>(f - 1 + n - j) re _ 2i 21>(±r[n - 2j] q \ 



^bV!h-2j] 9 ! i>(f-i) ^ ^•[^-j] ga !r qa ( fc+w -^ +m ) 



n — fc 



' fc+n+m 



J) 



When n — k > this expression is zero because of Lemma [8] for I = (n — k)/2 and a = 
(k + n + m)/2 — 1. This implies 

^ n , f _i _ 2T^) m 1 _<*fcn 

which proves the theorem. ■ 

This theorem implies that for bases {Su } of Sj., which are orthonormal with respect to the 
inner product in equation (|6,ip . the reproducing kernel satisfies 

dim Sk 

i*(x|y)= £ (5W(x))*5j»(y). 

The reproducing kernel can be written symbolically as a g-Gegenbauer polynomial, keeping in 
mind that (xly)- 7 should be replaced by (x|y)^'). In an overview of Gegenbauer polynomials 
appearing as reproducing kernels for classical, Dunkl and super harmonic analysis is given. For 
completeness we prove that (S^(x))* is still a spherical harmonic. 

Lemma 9. The antilinear involutive antihomomorphism * on V satisfies (x 2 '5fc)* C x 2l Sk- 
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Proof. It is immediately clear that for S k 6 S k , (x 2 'S , / c (x))* = x 21 (S k (x))* holds. Induction 
and equation (|2.28|) yield 



^ m 

(S fc (x))* = -— ^ ^^•••^^^•••^5 fc (x) 
First we will prove the relation 



E d^x^x^ ■■■x ik di 1 di 2 ■■■d i x k S k {x) = (6.4) 

for ii, . . . , S {1, . . . , m}, Z = k — 1, fc — 2, . . . , 1 by induction. This clearly holds for I = k — 1, 
since equation (|2.20p implies 

m 

E dZ-^efceg ■ ■ • ^s fc (x) = d£d% ■ ■ • 3?- 2 As fc (x). 

ifc_i,jfc=l 

Then we assume it holds for I + 1 and calculate 

m 



E d% x il + l x il + 2 ■■■x lk 8% & 2 ■ ■ ■ dl k S k (x) 



,j; + l,...,lfe=l 



E C ilil+1 x i ^---x i *d^---di«S k (x.) 

il,il +1 ,...,ik=l 



m m 



+ q E E +1 ^ s ^^ +2 • • • • • • 4 fc 5 fc (x). 

*i,*i + lv,*fe = l S,t=l 

The first line after the equality is zero since S k G The second one can be simplified by using 
relation (pOTj) : 

E^ E d * xH+2 dt'd^ldt 2 ■ ■ ■ 8frS k (x). 

s=l t,i l+2 ,...,i k =l 

This is zero because of the induction step. 
Then we use equation (I2.22p to calculate 

^ m 

AS* k (x)=»— E d^x i2 ---x i *d%d%---di*S k {x) 

[ ti,...,i fc =l 
^ m 

+ < ?Wn E ^■■■^■■■^*(x) 

[ J 9 2- ii,...,i fc =i 

which implies St € 5^ by using equation (|6.4p consecutively. ■ 

7 The Fourier transform on the Hilbert space 
of the harmonic oscillator 

The Fourier transforms have been defined on specific spaces of polynomials weighted with 
Gaussians. The Fourier transform can be extended to the Hilbert space structure developed 
in [13]. First we repeat the basic ideas of [HQ3]. Define the functions 
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which are the ground states corresponding to the Hamiltonians in equation (|2.30p . A q- 
deformation of the raising operators is given by 



4+ =b n {q){x j -q 2 ~ n -^d j )K-^ and a{ + = b n (q)(x j - q n ~ 2 ~^ di)hJ 

with (for now) undetermined coefficients b n (q) and b n {q). In [13] the relation b n (q) = b n {q~ l ) 
was assumed, which we do not assume here. These operators can be used to construct the 
functions 

These are the eigenfunctions of the Hamiltonians of the harmonic oscillator: 

Note that the functions ipl?'" 11 are not linearly independent. These two types of functions 
generate vector spaces, which we denote by n(V) and n(V). They are both representation of 
the abstract vector space V which consists of linear combinations of abstract elements ty^'" n . 
The maps II : V -> H(V) and TT : V -»• TT(V) given by 



lb*;; - ,: ! = vjr'"* 1 and n(<-- ii ) = VvT' 



■n 



are isomorphisms. The vector space V is an inner product space with the inner product (-|-) 
developed in 



(u,t;>= / (U(u))*U(v) + (U(u)rU(v). (7.2) 

J-y-R™ 

The value of 7 is not important. The harmonic oscillator H on V is defined such that holl = TLoH 
and h* o II = II o H and is hermitian with respect to the inner product. The closure of V with 
respect to the topology induced by (-|-) is denoted by H. 

The behavior of the Fourier transforms with respect to the Hamiltonians of the harmonic 
oscillator was obtained in equation (|5.ip . This can be refined to the raising operators. 

Lemma 10. For the Fourier transform in Definition® the expression J^ m a„ + : V[ a ] — > 
V[q/a] satisfies 

jr± a j+ _ 1 a 2-n b n(q) j+ y ± 
q b n {q) q 

Proof. A direct calculation or the equations in the proof of Theorem [7] yield J~^ m A -1 / 4 = 
q m / 2 A 1 / 4 o J-^m- Combining this with Theorem [8] then yields the lemma. ■ 

It is clear that n(V) C V r ™, © V, 1-™,. It can be easily checked that the sum of V r ™ n 

v ' [<? T j [q T ] [q 2 ] 

and V^i-sjj is in fact direct. This implies that the Fourier transform can be trivially defined 
on n(V). The Fourier transform of <f> € n(V), with the unique decomposition 4> = f + 9 with 
f G V r ™ n and q G V r i-s,, is defined as 



-Fjr™ (0) = J" K m (/) + J" K m (5) (7.3) 

with the right hand side given in Definition SJ Now we define the Fourier transform on V. 
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Definition 5. The Fourier transform F^ : V — > V is given by 

F ± = q-^U' 1 o JF*p o n, 

with the Fourier transform on IT(V) as in equation ()7.3|) . 

Now we impose the condition b n (q) = q 2 ~ n b n (q) on the undetermined coefficients b n , b n . 
Theorem 11. The Fourier transform F^ on V satisfies 

Proof. The definition of F^ shows that this statement is equivalent with /gmfe"'"' 1 ] = 

m 2 ■ • m 2 9 

(±i) n q~ 1 • The proof of Theorem [7] implies J^ m [ipo] = q~ip - Lemma [TUl then proves the 
theorem by induction. ■ 

This immediately implies the following conclusions. 
Corollary 3. The Fourier transform on V can be continuously extended to % and satisfies 

F T oF ± = id n 
and the Parseval theorem 

(F ± (f)\F ± (g)) = (f\g) for f,g€H. 

Corollary 4. The Fourier transform on % can be written symbolically as 

i-g 2 



F ± = exp ±i 



7T 



arcsinh 



-H 



m 
~2 



Proof. This identity follows from evaluating the expression on using equation (|7.ip . 

The Fourier transform J~^[ m on II(V) can therefore be written as 



7T 



_i_ in -| i /i 

•F Rm = q 4 FT o LT o exp ±i — 



arcsinh 



2^ 



[x 2 " A] 



^ (|) 



m 
~2 



The Parseval theorem in Corollary [3] and the inner product (|7.2p imply the following relation 

for / l9 en(v): 



(non-^/^g + i/fnon- 1 ^ 

= / V% (DyUoTT 1 ^ (g)) + {lLoTT\7+ (f)))*ji (g). 

J 7 .]Rm 1 1 q q 

The results in [TH show that this can be refined to 



{UoU~\f))*g 



(^(fnon 1 ^^). 



7-Jl 
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8 The qr-Fourier transform on Euclidean space 

The techniques developed in this paper can also be applied to the theory of the g-Dirac operator 
on undeformed Euclidean space M. m , see [10] . We consider the polynomials in m commuting 
variables: C[xi, . . . ,x m ]. The classical Laplace operator and norm squared are given by 

m m 

j=i i=i 

The spherical harmonics are the homogeneous null-solutions of the Laplace operator, H k = 
M\x\, . . . ,x m ] k n Ker A. The (/-Fourier transforms of a function Hfr(x)ip(r 2 ) with H k £ H k are 
given by 

_ ~ Jo (rr y ) 2 ^ K 

/-7-00 i {qrr y \q 2 ) 

[H k (yMr 2 y )] (x) = {±t) k H k {x) - - / d q r y 2 . + ~ ^ r-+ 2fc -V(r,)- 

The fact that these transforms are each others inverse when evaluated on the appropriate func- 
tion spaces follows immediately from equations (|3.ip and (|3.2|) . The operators Dj, j = 1, . . . , m 
are defined in [101 equation (25) and Definition 2]. They are a (/-deformation of the partial 
derivatives on M. m . Similarly to equation (|2.25p for the partial derivatives on g-Euclidean space 
the ^-derivatives on Euclidean space satisfy 

A/(r 2 ) = (1 + q)x l (df 2 f(r 2 )) + /(gV) A, 
see Lemma 6 in |10j . 

m 

The (/-Laplace operator on W 71 can be defined as A q = ^ • The polynomial null-solution of 

3=1 

this (/-Laplace operator correspond to the classical spaces % k . This shows that the (/-deformation 
is purely radial. This can also be seen from the fact that the Howe dual pair of this construction 
is (O(m), U q (s[2))- This implies that there is no spherical deformation and a radial deformation 
identical to the one from quantum Euclidean space. 

Using the results from the previous sections and |10] it is straightforward to prove that 

D j T+[f(x)} = ±iT+[x j f(x)} 

holds. Also the theory of the harmonic oscillator and the corresponding Hilbert space can be 
trivially translated to this setting. 
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